6. ORTHONORMALITY

86.1. Orthogonality

Theorem 1: Let p, o be irreducible representations of the
finite group G over C on the vector spaces U, V
respectively and let ¢:U—V be a linear transformation.
Then a =) (xp)¢(x ‘o) is a CG-module homomorphism:

xeG

U, > V..
Proof: Let g € G. Then (gp)a=> (9p)(xp)p(x ‘o)

xeG

=Y (hp)¢(ho)(go) = a(go), putting h=gx. So if u € Uy,

heG

(ug)a = (uat)g. Extend by linearity. % ©

Theorem 2: If p, o are inequivalent irreducible
representations over C and ¢:U—V is linear then:

> (gp)p(g ‘o) = 0.

geG

If p=octhenitis (ngt_hdgj .
deg p

Proof: By Schur’s Lemma, ) (gp)¢(g~c)=0 if p, c are

geG

inequivalent, and
Al, for some
A ifp=o.
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In the latter case
A.degp=tr) (g9p)d(g ' p) =D trl(gp)s(9p) ]—Ztrqzﬁ G].trg -

geG geG
%©

Theorem 3: If p and o are irreducible matrix
representations of G, over C, of degrees m, n respectively,
then for all i, J, s, t:
0 if p and o are inequivalent
Oifp=candeitheri=torj=s

2 (9p)i(g 7o) = o]

geG degpifp:candi:tandj:s
Proof: > (gp)i(g7'c)« is the i-t component of
geG
Y (9p)Ejs(g*c) where Ejs is the m x n matrix with 1 in
geG

the j-s position and 0’s elsewhere. % ©

86.2. Orthogonality of Characters

Theorem 4: The irreducible characters of G over C form
an orthonormal basis for CF(G).

Proof: Let x and 6 be characters corresponding to the
irreducible representations above.

Then if p and o are inequivalent

(xl6)= ‘G‘Zglgé’ ‘G‘Z(gz)(g*ﬁ) ‘G‘zzmp)..z(g o),

geG i
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Let x be the character corresponding to the irreducible
representation p of degree n. Thus:

<zlz>——Gzz(gp)..(g p),,:—‘G‘zz(gp)..(g ) =

i.j geG i geG
EpXR

G _
degp

Theorem 5: If jj is the i-j entry in the character table for
G then:

thlik}(_jk:dj‘e‘ and Zlkiz_ki:h_llGl
k k

Proof: The first follows from above. Hence [%] IS a
]

Hermitian matrix and hence so is its transpose. % ©

Theorem 6: Every normal subgroup is the intersection of
the kernels of irreducible representations that contain it.
Proof: By orthogonality the intersection of the kernels of
irreducible representations is 1.

If H is a normal subgroup of G the irreducible
representations of G/H induce irreducible representations
of G. The kernels that contain H are of the form K/H
where K is a kernel for G. Thus the intersection of such
kernels is H.

It follows that the normal subgroups of G are recoverable
from its character table, since g € kerp if and only if gy =
degy. Y©
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Theorem 7: The intersection of the kernels of the linear
representations is G'.

Proof: If p is linear, G/kerp is abelian so G’ < kerp.

An irreducible representation p of G induces an
irreducible representation of G/kerp.

If G’ < kerp then G/kerp is abelian so p is linear. % ©
Corollary: The number of linear characters of G is |G/G'|.

Theorem 8: If y is the character of an irreducible
representation of G then degy divides |G/Z(G)].

Proof: Case I: p faithful.

Right multiplication by an element of Z(G) permutes the
conjugacy classes.

Define I'y, I'; to be equivalent if I';z = I', for some z €
Z(G).

Suppose I'z =T for some 1 =z € Z(G).

Then zp = Al for some A # 1 and I'y = (I'z)y = ATy
whence I'y = 0.

Hence [6|= > |0|xIy

r
Terms where I" is equivalent to fewer than |Z(G)| classes
are 0.
S0 |6/z(G) =Y |riryT, Where the sum is over a set of

r

representative classes.
Now for each T, [['|.T"y/degy € Z*.
So |G/Z(G)|/degy € Z* N Q = Z.
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Case Il: K=kerp > 1.

degy divides |(G/K)/Z(G/K)| = |(G/IK)/I(YIK)| = |G/Y]
which divides |G/Z(G)| where

Y/K =Z(G/K)) and Z(G)K < Y. %©

86.3. Groups of Order p3qP

Theorem 9: Let p be a representation of G of degree n
with character . Suppose g € G has h conjugates where
GCD(h, n) = 1. Then either gy =0 or gp € Z(Gp).

Proof: For some r, s € Z, 1 = rh + sn so
g% = r(@j +5s(gy) € Z*.

Let g have order N and let o = e?™/N,

Then gy is a sum n powers of ® and so g% <1

The image of th under any automorphism of Q[w] will

have the same minimum polynomial over Q as g_gg itself

and so will be an algebraic integer.
Thus taking the product over all automorphisms, 6, of

Q[w], H[{Qﬁﬁj e Z*.

By Galois Theory I1(gy)6 € Q and so H(ﬁgﬁmj ceQn
7" =T17.
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ax gx
n n

all the eigenvalues of gp are equal and so gp is a scalar
linear transformation in which case it lies in Z(Gp).

Suppose gp ¢ Z(Gp). Then <1, because if =1,

Hence H[Lqﬁﬁ] < 1 and, being a non-negative integer, it
is zero, Y ©

Theorem 10: Groups of order p?gP® are soluble (where p,
q are primes).

Proof: Let G be a minimal counter-example. That is, |G|
= pg® but G is not soluble, but all smaller groups are
soluble. Clearly G is a non-abelian simple group and so
Z(Gp) =1 for any non-trivial irreducible representation p.

Let P be a Sylow p-subgroup and let 1 #g € Z(P).

Then P < Cs(g) and so the number of conjugates of g in
G is a multiple of q.

Let A be the set of irreducible characters of G whose
degree is a multiple of g and let B be the set of non-trivial
characters of G whose degree is coprime to q.

If @ is the regular character of G then:

0 = gd = D (deg x)(gx) =
1+ (degx)(gr) + . (degx)(9z)

= 1+ ) (degx)(g9x) =1 + gz for

€A

someze Z".
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1 . .
Hence —a € Q n"Z =17, acontradiction.

A Hall subgroup of G is a subgroup H such that
the order of H is coprime to its index. If IT is any set of
primes a Hall IT-subgroup is one where the prime divisors
of |H| all lie in IT. Hall subgroups are a generalisation of
Sylow subgroups. However, while Sylow p-subgroups
exist for all primes p, a Hall I'T-subgroup may not exist for
some set of primes I1. For example As has no Hall I1-
subgroup if IT = {3, 5}, that is, no subgroup of order 15.

Theorem 11: A finite group is soluble if and only if it has
a Hall IT-subgroup for every set of primes IT. %

Theorem 10 follows easily from Theorem 11, but
in fact requires Theorem 10 in its proof. So this is yet
another theorem of finite group theory that needs
representation theory in its proof.

121



122



